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The proof of the inequality X q (x,t) < (q^ x ,t — + ) _1 [p 750, below Eq. (29)] 
is based on the statement that £(x,t; s) is an entire function of s G C M [see 
below Eq. (30)]. But according to Equation (9) and Lemma 1, all we know 
is that £(x,t; s) is an entire function of k(s) G ~R N . Nevertheless, the above 
inequality holds, hence the proposition 1. To prove it we replace (31) with 
the following lemma. 

Lemma. If (\£(x,t)\ q ) < +oo, then 

limsupe- ||s||2 |£(x^;s)| 9 < +oo, (31) 

|s| I — >+oo 



along almost every direction s in C M . 

Proof. For given x and t, write £(x,t; s) = E(s, k) where k = ||fc(s)|| = ||s|| 2 . 
Making this change of notation in (29) it is easily seen that if (\£(x,t)\ q ) < 
+oo, then 

f + OO 

\E{s,K)\ q e- K K M - l dK< +oo, (32) 







for almost every direction s in C M . Fix s such that fl32l) is fulfilled. By 
Equation (9), Lemma 1, and Lemma 2, E(s,z) is an entire function of z G 
C of finite exponential type [T]. Since q > 1 and M > 1 are integers, 



1 



the function f(z) = E(s, z) q e~ z z M ~ l is also an entire function of z G C 
of finite exponential type, say jf. Let R be a fixed positive number, let 
7 > max(0,7/), and define 



R 



f±(z)= \e ±l ^ z f(z + u)\du. (33) 



The functions <f±(z) are logarithmically subharmonic and bounded by (1321) 
on the positive real axis. Furthermore, <p+(z) and f-{z) are bounded re- 
spectively on the positive and negative imaginary axis. Following then the 
same argument as in the proof of the Plancherel-Polya theorem (see [T], p 
51), we apply the Phragmen-Lindelof theorem [I] to the subharmonic func- 
tions lmp + (z) in the sector < axgz < it/ 2 and ln<^_(z) in the sector 
— 7r/2 < argz < 0. One finds that 3A > such that, Wz with Re(z) > 0, 

r R 

/ \f(z + u)\du < Ae 7|Im(2)l . (34) 
Jo 

Now, for all k > R/2 one has, by the subharmonicity of \f(z)\ and 
< 4? f I \f(K + z)\d 2 z 



R 2 



z\<R/2 



4 f+R/2 rR 

^ ~m \ d y \f(K-R/2 + iy + u)\du (35) 

7rR 2 J. r/2 Jo 



8A 



< £^(^ /2 -i)< 



-oo, 



'yirR 2 

and since = \E(s, K)\ q e~ K K M ~ 1 , it follows that, for all k > R/2, 

\E(s,K)\*e-" < ^ (e^ 2 - 1) ^=r < +oo, (36) 

(hence lim K ^ +00 |-E(s, /c^e - " = for M > 1). Getting back to the original 
notation yields the new equation (!3~TI) . which completes the proof of the 
lemma. 

We can now proceed with the proof of \ g (x, t) < (q/i Xt t — + ) _1 . Since 
every element of the matrix f*j(x(r),T)dT is a continuous functional of 
x(-) G B(x,t) with the uniform norm on [0,t] (see the appendix B), its 
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largest eigenvalue, /ii[x(-)], is also a continuous functional of x(-). Accord- 
ingly, We > 3x E (-) G B(x,t) such that /i Xjt — e/2 < / u 1 [x e (-)] < fj, X)t . Let 
cr e G C M (with ||<t £ || = 1) be an eigenvector of J Q j(x £ (t), t) dr associ- 
ated with the eigenvalue /ii[x e (-)]. Fix x e (-) and a e . The quadratic form 

Jq^(x £ (t),t) dr s is a continuous function of the direction s. Thus, 



it 



36 > such that Vs with I Is — aJ\ < 5, 



7(x e (r),r) dr 



7(x e (r),r) dr 



C7« 



< 



(37) 



and 



H x As) 



sup 


x(-)eB(i,t) 

























7(x(r), r) (ir 



7(x e (r),r) dr 



o" £ - e/2 > fi x>t - e. 



(38) 



From the latter inequality and Lemma 2 it follows that Ve > 0, 35 > such 
that Vs with I Is — a J I < 5, 



lim sup 

||s||— >+OG 

and for every A > (qfM x t ~ qe) 



\n\£(xA:s)\ q 



> q\(fJL x>t - e) 



limsupe " s " 2 |£(x, £; s)| 9 = +oo. 

— >+oo 



(39) 



Since 5 > 0, the set of all the directions s fulfilling ( |39i) is of strictly positive 
measure and, according to the lemma above, (\S(x, t)\ q ) = +oo. Therefore, 
A g (x, t) < (qfi x ,t ~ q^) 1 and taking e arbitrarily small one obtains X g (x, t) < 
(q^x,t — + ) _1 . (We use the notation g/x Xjt — + to emphasize the fact that 
{\£(x, t)\ q ) may be finite at A = Our approach does not yield the 

behavior of (\£(x, t)\ q ) at A = l/q^i Xit sharp.) 
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